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B Proof Appendix

In this proof appendix, we first prove two intermediate results that (i) describe the stationary distri-
bution for a finite S (Lemma 1), and, (i7) describe the limit of the steady-state value of the wage w
and the entry/exit threshold s* when S goes to infinity (Lemma 2). This is given in Appendix B.1. We
then prove Proposition 1, giving the value and policy functions of an incumbent firm at the steady-
state, in Appendix B.2. We then prove Corollary 2 giving the stationary distribution when S — oc.
In Appendix B.4, we prove Proposition 2, giving the ergodic behavior of the firm productivity distri-
bution for the case without entry and exit. In Appendix B.5, we state and prove a general theorem
that extends Theorem 2 to the case with entry and exit. We then prove Proposition 3. We then find
the asymptotic value of the ratio between the number of incumbents and the number of potential
entrants, when the former goes to infinity (Appendix B.7). This intermediate result will be used in
the the proof of Propositions 4 and 5 in Appendix B.8. Finally, we prove Proposition 6 that solve for
the value and policy function under Assumption 3. This last proof involves two intermediate results,
Lemma 3 and 4.

B.1 Preliminary Results

Lemmal For a given S, if (i) the entrant distribution is Pareto (i.e Gy = K. (¢°)~%) and (ii) the
productivity process follows Gibrat's law (Assumption 1) with parameters a and c on the grid defined
by ¢, then the stationary distribution (i.e when Varie; 1 = 0) is:

Fors* <s<S&S:

s\ -6
Ihs :P{(’p:(ps} = MK.,C; <;i*> + MK.Cy ((,Ds)_éc + MK.Cs

and g1 = a (,us* + MK, (4,05*)_66> and s =0 fors < s* — 1.

Where § = % and C1, Cy, Cs are constants, independent of s, and where

B c(a(cp*‘se)sﬂ—a(cp*‘ss)s* _0(80756)54»3_’_0(80753)5*) . (a(p=%)2+bp~0e +c) _ —(p%e)SH1
C1= == (a= a7 —0) ' C2 = G atare MACs = =

Proof: To find the stationary distribution of the Markovian process described by the transition matrix
P, we need to solve for pin u = (P})(n + MG) where P is given by assumption 1 and where . is the
(S x 1) vector (uq, ..., ug)'. For simplicity, we assume M = 1.

The matrix equation p = (F;)'(1 + MG) can be equivalently written as the following system of
equations:

For s < s* — 1:

fis =0 (20)
Fors=s"—1:
Hsx—1 = a(us* =+ Gs*) 21
For s = s*:
Mg = b(,us* + Gs*) + a(,us*—i-l + Gs*-i—l) (22)
Fors = S:
ps = c(ps—1+Gs—1) + (b+c)(us + Gs) (23)
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Fors*4+1<s<S§8-1:
s = c(pts—1 + Gs—1) + b(us + Gs) + a(pst1 + Gs1) (24)

The system of Equations 22, 23 and 24 gives a linear second order difference equation with two
boundary conditions. The system has a exogenous term given by the distribution of entrants G. For
this system, we define the associated homogeneous system by the same equations with G5 = 0, Vs.
To solve for a linear second order difference equation, we follow four steps: (i) Solve for the general
solution of the homogeneous system; these solutions are parametrized by two constants (ii) Find
one particular solution for the full system (iii) The general solution of the full system is then given
by the sum of the general solution of the homogeneous system and the particular solution we have
found (iv) Solve for the undetermined coefficient using the boundary conditions.

The recurrence equation of the homogeneous system is equivalent to cus—; — (a + ¢)ps + apsy1 = 0
since b = 1 — a — ¢. To find the general solution of this equation, let us solve for the root of the
polynomial aX? — (a + ¢) X + c. This polynomial is equal to a(X — ¢/a)(X — 1) and thus its roots are
r1 = ¢/a and 1. The general solution of the homogeneous system associated to Equation 24 is then
s = A(c/a)® + B where A and B are constants.

Using the form of the entrant distribution G = K. (¢ %)%, and assuming that ¢ =% # 2, a particular

. . a(p~%e)24bp%e4c —
solution is K, a(sa(f‘jc)zz(aﬁ)wmrc(cp 98,

The general solution of the second order linear difference equation is then

a(p™%)2 + bp~% + ¢
(%) = (a+ )™ +c

Ale/a)" + B+ Ko~ (o7%)"

By substituting this general solution in the boundary condition 22 and 23, we find

e\ =5 e (ale™™)F —a(pm0)" — e(pm?) T + e(97%)”) —(p~)5H!
A=K () ~ — and B=K,—"
a(l —¢%)(a —c)(ap™® —c) (I—=¢™)(a—¢)
Since the s productivity level is *, then s = lﬁggf; and thus ()" = (ws)_li)iga:’c' Let us define 6 =
%. The expression of the stationary distribution is then:

E]

-5
fs = KeCi <;’; ) + KO (9°) 7% + K.C3 (25)

for s* < s < S. The value of us-_; is given by 21 and Vs < s* — 1, us = 0. O

11—«
Lemma 2 The limits s* andw of s* andw when S goes to infinity satisfyw = (aﬁA"o> T where

S

—68e +ﬂ s
+ (wée _ 1)02 (4'0 T )

*5+1; 7664’1—1&

T—a

~ A® — si*flﬁ de _ 1)O® Se _ 1)(C 1 57\ % be _ 1)O® ( )
— =alp® ) (¢ )CT° + (v )(C2+1) (¢ + (¢ )CP ——————
1—¢ —a 1—¢

M S—oco

—8e\s*

a(p=9%e)24bp—de4c . 0o c
and Cy = (a((sp(,ﬁc)ﬁ;éf(wt)ic) , as defined in Lemma 1 and C{° = ¢ (1_80,(}’;)(6_11@,55)
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1—a
Proof: To show this lemma, let us first note that w = (ai %) 70=* 1 and let us take the limit of %

when S goes to infinity. For a given S, let us look at the expression of A:

il 1
:Z(tps)ﬁus

:(SOS 71 T-o O‘Hs* 1+ Z 1 O‘Hs
s=s*

o\ —de .
—(¢" N Ta (MKeCl + MK.Cs (gos ) + MK.Cs + MK.(¢° )*5e>

s\ =6
+ Z (MK C (%) + MK.Cy (%)% + MKJJg)

s=s5%*

By dividing both sides by M, we get

T Gt B oo M (70t )" — (poet) ™
+Kecl (SO 1_¢75+ﬁ +K802 1_¢*6c+ﬁ

Since ¢ > 1,6(1 — «) > 1and 6.(1 — ) > 1, we have that — 5+5( )<0and 1+5( & <O This

1 S 1 S
implies that both <¢—5+m) and (go_‘i*ﬁ) converge to zero when S goes to infinity. We also
have that

: ﬁs—_(";)s“ ﬁs_—go"scgp*ée*ﬁ)s
Cs(pT=) = )(a_c)(so )7 = e s — 0

Putting these results together yields

g

B.2 Proof of Proposition 1
In this section we prove Proposition 1. We first solve for the value and the policy function for the

general case of a finite S and then present the simpler special case - given in the main text - when S
goes to infinity.
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Instantaneous profit: It is easy to show that instantaneous profit is equal to

o

(o) = ()7 (2) T (- a) — g

Note that this is a function of x through the equilibrium wage w. In the stationary equilibrium this
wage is fixed. In the following we will drop the notation ¢ whenever no confusion arises from this.

Bellman equation: In the stationary equilibrium, the Bellman equation is given by

Vo= (@) (2) 7 (1= a) — s + Amax {0, aVey + bV, + eV}
where V; = V(u, ¢®). The policy function of this problem follows a threshold rule: there exist a s*
such that

%)E (1—a)—cp+p(aVi_1 +bVi+ cVip) for s > s*
g)ﬁ(l—a)—c fors <s*—1
w ! B

For s > s*: Letus firstlook at the case when s > s*. We want to solve for the following second order
linear difference equation:

1 cr s\l (V1. 1l -«
aVs—1+<1—G—C—E>VS+CVs+1—F—(@) (B) 3 (26)
which is associated with the homogeneous equation
1
aVs—1+<1—a—c—B>V;+6V3+1=0 27)

This homogeneous equation is associated with the polynomial cX? + (1 —a—c— %) X + a which

2 2
has discriminant A = (1 —a—c— %) — dea = (%) + (@ —¢)? + 2(a + c)% > 0. Thus, this

polynomial has two real roots:
(a+c+5-D+VA (a+c+5-1)—-VA

— and =
E 2c "2 2c

Since a — c+ % —1 > 0itis trivial to show that r, < 1 < r;. The general solution of the homogeneous
Equation 27 is

Vs = Kq1] + Karj
where K; and K5 are (for now) undetermined constants.

To find the general solution of the Equation 26, we need to find a particular solution of this equation.
A particular solution of Equation 26 is

c sl (a\1oa 11—«
Vo= —rZ=+ () (3)

where p = cu,pﬁ +b+ ccpﬁ.
The general solution of Equation 26 takes the following form

o

e 1l -«
1—pB

c IR0
VES = Kyr§ + Kors — ﬁ + (%)== <E)
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where K; and K> are constants to be solved for. To solve for these constants we use the boundary
conditions.

At s = s*, the value function of a firms satisfies

1 c oy L ot 1l—«o
or+ (1ma-em 3V @ = L - (o) (2)

B B w

with V,._; = (gps*—l)ﬁ (%)ﬁ (1 — @) — ¢;. Note that VS5 also satisfies
1 c -l /saNTa 1l —«
ang”_ql + <1 —a—c— E) V;(fs +ch§f1 = Ef - (908 )1"" <E>

It follows that V¢, = V;._1, which yields

Ss*—

a o4

-1 1 cf Ly (T 11—« N A=
Kard 7 Kory 7 - e () T (D) s = ()T ()T ) e

After rearranging terms we get

. . . 1 = l—«
KqrS -1 Kors -1 i _ s*—1\1—a (OZ)1 «
171 272 51 - p Bp (cp ) w 1—pp

(28)

Ats = S, thevalue function at level ©°, Vs, satisfies

1 1-— T / 1\
aVSG_Sl—l—(l—a—c—i—c)VS = —V5+C—f — c (E) ((Pl*")

B B B \w
Solving for Vs yields
1 c_f_l—a o P = _ as
oo (-5 () (o) o)
which implies
1 ¢f l—a/a\1Toa 24\ S_1 S-1 cr S_1\ == a = 1l-«
Vom e (B 50 (0) 7 (p77) et st gt —a (6T (5) T 1)
1 1 1 2 1S (1 == ~ ~
VS_I—%—a<Cf 5T )‘“‘O‘)(%) (vm) (gﬂf_Bp)—a(wa Lt Kors 1))
1
B

(557
VS:l_i_a<Cf< ;j;a>_(1_a)<%)laa( ﬁ)S <%+a£pi_;ﬂ>_“(K1rfl+K2rgsl)>

1 =1
aNTSw (1 \S[g—ptapt-e 5-1 5-1
(1-w (w) ( T ) = 7p a(Kiry ™ 4+ Kary )

1 =1
— 1— 25/ 1 \S [ g —ptapi-= _ _
Voo Do 1o (ayen (o (gf%a(mwmg |

Ats=5—-1, wehave

1 c Lot 1l -«
B) VES +eVs = L (5T (_)

an_%—l—<1—a—c—
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but, at the same time

1 = a1 —
CLVSG_S2+ <1—a—c— B) Vﬁ%—kc‘{?s = %f - (@S_l)lfa (2) =

it follows that Vg = V§* and thus

1

—1
1
—c l—a jaNi2ss 7 A N\S[5—ptapl~= _ _ c = /0\1To% 1 —«
L ( )1 <301*<’<> (ﬁ —a(K1r¥ 7+ KorS ™Y = Kyrf 4 Kors — —1 +<sos>1 <7>1

1-8 1-8p\w 1-%-a 1-5 w 1—pB
<~
LA o P %_p—"a@% s\ (a\T== 1l-—a _ ¢ s s5-1 5-1

_1_6/)(;) (sp ) (1—%—a>_(s&) (;) 1_pB_K1r1 + Kors + a(Kyry + Kor5 ™)
=4

s s l—a fa\t2s / 1\S %—p+aw%
(I4ary )Kiry + (14 ar, )K2T2:_1—ﬁp (E) (gol—a) W—i—l
which yields

_ _ l—a ot / 1\S [a(pTs —1)4+1—
(1 ary K+ (14 ary Ko = — 1= (2) 70 (o) (B2 DELZR) )

Solving for K; and Ky: Equations 28 and 29 form a system of two equations in two unknowns.
Solving this system gives K; and K> and thus the full solution of the incumbent’s value function over
the state space @. Let us rewrite the system of Equations 28 and 29 as

K 4 Kory T = A—Bp (¢” 1) B

-1 S -1 S _ = S
(I4+ary )Kir? + (1 +ary )Kory = —k (¢ B

=1
where A = ﬁlc_—fﬁ, B=(2)-« f_‘—po‘ﬁ and x = %. It is obvious to show that

. MR 1S
(14 arytyrS=s"+1 (A—ﬁp (" 1)1=e B) +K (golfa) B

1+ ar;l)rg_s*“rf*_l — (L +aryhyr?

Ki(s*) =

. T NS
(1 —I—arl_l)rf_s +1 (A — Bp (905 _1) 1-a B) + K (golfa) B

1+ arl_l)rf_s*“r;*_l — (1 +ary yrs

KQ(S*) =

or, after substituting the expression for A, B and ,

1 —1
— —s* c s*— T-o (a)\1og l—a a(pl—o — — L\® a\\i—a l—a
(I+ar; 1)7"§ i <ﬂ1j5 —Bp (‘P 1) (E)l “ 117,),3) ole 2 Loy (‘PPQ) (E)l llfpﬁ

1-=—a
Ki(s",w) = e e ——
(L+ary Yy > ey = (L ary e
S—s* c * 1% 2 % 1)+1 1 S _a
(b arr e~ (B = o (¢ 7 (3) 77 dg ) + TR (o) ()78
Ko(s*,w) =

(L +ary )y =y ™ = (L ary g
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Note that both K; and K> are also function of the wage and the threshold s*. It follows that the
unique solution of the Bellman equation is

V. — Ki(s*,w)r; + Ka(s*, w)ry — B + (¢° )L (%)ﬁ 11—_/?6 for s > s*
’ (4,05)ﬁ (9)1a(1—a)—cf fors <s*—1

w

Solving for s*: Note that by definition s* is the smallest integer such that aVy-_; + bV, +¢Vieq 1 >0
(i.e that aVy-_9 + bV4-_1 + ¢V« < 0). Note also that

ary” L brf + CTS+1 i}
g
S
ars by + CTS+1 EZ
1 8—1 1 S 1 S+1 1 S
a((pl—a) +b<(’01—a> +C<(’Dl—a> p((pl—a)

by definition of r1, vy and p. Using the above equations, it is easy to show that

1 . . N . c WL /aN\ita 11—«
B(Iﬁ(s ,w)ry + Ko(s*,w)r} )—1_fﬁ+P(908)1"* (a) 1= 8
Solving for 5* such that § (K1 (3", w)r{ + K2(8*,w)r’) — 125 + p (¢°) ™* (%)ﬁ {5 = 0 implies
that s* = [s*]. This completes the characterization of the solutlon of the Bellman equation. In order

to obtain a more intuitive expression, we now turn to the special case where S — oc.

aVg_1 + bVge + Vo1 =

Solution of the Bellman when S — oo:  Since r; > gpﬁ > 1 > ry (we know that gpﬁ > 1> ry and
1
we have assumed that r; > ¢7-« i.e ¢ is small enough), it is easy to show that

1y S—s" 3 s 1) T 2\5
(14 ary )rs5 +1(A Bp (¥ 1) B)—Hﬁg;p >B—>0

Ki(s*) = - -
1) (1+ argl)rg_s +1rf -1 (1+ arl_l)r S—o0
1 1 S J— i_
(L+arT )i (A= Bp (¢ )= B) 4k (=) B A-Bp(¢ 1) "B
Ks(s*) = — —
2( ) ( + ary 1)7" —s* +1 s —1 (1 + (LT’2_1)T‘2S S—00 T; -1

It follows that for s > s*

= (- () B - (o) (2 L

where A = ﬁlc_—fﬁ and B = (2) = 11__;‘5 and w and s* are the limits of, respectively, w and s* when S

goes to infinity. After substituting the expression of A and B and rearranging terms, the solution of
the Bellman equation is, for all s:

N [s—5+1]
R e ORI EOY (B ES
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Solving for s* when S — co:  Following the same steps as in the case S < oo, it is easy to show that,
for s > s*,

. [s—s7+1]*+
—C T —Q a\ 1—a _1 \S r
Vo i ooy = L (1) L (25 () (o (22

1-p

and thus, for s = s*,

- 1 — T—a 1 5
aVe 1 +b0Vem + cVemyy = % (1=r2)+ ﬁ (%) (W*a) P (1 S )

It follows that aV5=_ 4 bVi= + ¢V, > 0 is equivalent to

1Og[ er(or)(op) ] -
7> (1 — o) LA (o ™) || logT
log ¢ log

Since s* is the smallest integer such that this inequality is satisfied, it follows that

log [ cyl=r2)(=pf) ] B
o — (1 _ Oé) p(1-B)(1—a)aT-a (1-rypT-a) i alog w
log ¢ log

which complete the proof. [

B.3 Proof of Corollary 2

In this appendix, we prove that the productivity stationary distribution is a mixture of two distribu-
tions: (7) the stationary distribution associated with the Markovian firm-level productivity process
and (i7) the distribution of entrants. These are weighted by the constants K; and K5, respectively.

Formally, we show that K; = —£ (1(10;:3))((5;2?0) and K, = W‘ij(;E&ﬁﬁ&i’;ii?jf;)ﬁj@(gp?)—ée. In the

corollary in the main text, we only reported the value of the stationary productivity distribution for
productivity levels above the entry/exit thresholds. In this appendix, for completeness, we describe
this distribution over the full idiosyncratic state-space. We then show that:

(Pe=1)(e ™0™ (o \ 70 (o) (a0 Hbp 00 ke) s e =

_5 (1—¢=9%)(ap—0 —c) (;PST) a(p=9¢)2—p= e (atc)t+e (¥*) ifs > s

fs = Se —c/a O e L S\—8e  irs _F
ale’ 1) (u,wae)(awae,@ t e taraeere T1) (#7) ifi =57 —1

0 ifs <s*—1

. _ log(a/c)
with § = Toe(2) "

The proof of this corollary builds on the result of Lemma 1 and then takes the limit of this distribution
when the maximum level of productivity goes to infinity.

We first find the limit of constants K., C;,Cy and C35 as the number of productivity bins S goes to
infinity. After finding these limits, we take the limit of Equation 25 in the previous lemma.
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Let us first describe the asymptotic behavior of K.. Recall that the entrant distribution sums to
one.%’
—5e (Lp,(;e)s+1

S S S _
1:ZGS :KEZ(‘pS)ﬂSG :Kez(goiée) :KESO 1— @9
s=1 s=1 s=1

Rearranging terms, it follows that
1—p %

K. =
ot = (p0)™"

Since ¢ > 1 and d.,0 > 0 we have ((‘0_55)5 P 0 by applying these results to the expression for K.,
—00

it follows that K, S—> ©% — 1. Let us now focus on the asymptotic behavior of Cs, Cy and C;. From
— 00

_ _=(p7%e)sHt

Lemma 1, we have C3 = = r(a=0 s:; 0. We also have that

(alp™*)? +bp~ % +¢)

R D e PR )

which is independent of S.
Finally, we have

c (a(W‘SC)S+2 —a(p%)" —c(p %) T + c(go’éc)s*)
ag - @"SC)(G: c)(ap=0 —c)
c (_a(‘piée)s* + C(¢76€)5*) _c —(a— C)(w—ée)F

soma(l— o) (a—(ap— — )  a(l—p ) (a— ) ap o —c)

C =

and therefore

o C (=)
Ci S5 o= a(l— @ %)(c—apie)

We have just found the limit of X, C;, C; and Cs when S goes to infinity. We then apply these results
to the stationary distribution by taking S to infinity. According to Lemma 1, we have for s* < s:

s\ =6
& — ' s\ —0e
i K.Ch <—¢5*) + K.Ca(p°) + K.Cs

We have just shown that when S goes to infinity, the stationary distribution is given by:

8

s

s\ —0e¢
a0 e —ag )\ D e A PR E T

g

B.4 Proof of Proposition 2

Proposition 2 claims that for the no entry and exit case and under Assumption 1, the unconditional
mean of y; is given by
B ind) = s = N =P ()
s,t] — Ms — — _
70 (L= (%))

where § = 1°2/9 Eyrthermore, the unconditional variance-covariance matrix of y; is

log(¢p)
0 S
Var (] = Z(P,)k (Z N8W8> p*
= s=1

k=0

3"The way we define the model, we assume that G sums to one. We also assume that the number of potential entrants in
bin s is MG, so that the total number of potential entrants is M.
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where P is the transition matrix for firm-level productivity, and, W, = diag(P;,.) — P;7_Ps7. where
P, denotes the sth-row of the transition matrix P in Assumption 1. Where for 1 < s < S, W, =

0 0 O . B a(l—a) —ab —ac . (s . 1) _ (el—c) —e(1-0)
<8 > (0)) with ¥ = —ab b(l_gcb) c(l—gcc)>,wh11e Wy = ( o 0) with X% = (—c(l 2 ei-o) ),
and, Ws = (8 z(os>) with 53(5) = (_“C(L%f—az)l) ZC(L§1__aC)L))-

Proof:

Let us define f as the number of firms in state k at £+ 1 that were in state s at t. Under Assumption
1, itis easy to show that, for1 < s < S, ft+1 = O0forboth £ > s+ 1and k£ < s — 1. Similarly, we have
ft'?rll = 0fork > 2and ftJrl for k < S — 1. Itis easy to see that

P41 = ft+1 + ft+1 fors=1

ﬂs,t—i—l - ft+1 + ft+1 + fts+sl+1 for 1<s< S
S7

HSt+1 = ft+ + ft—',—l fors =8

As in the proof of Theorem 1, the vector f;7', = (f/; Ls iy fSJrl *Y is distributed according to a
multinomial distribution with number of trials i, ; and probablhty of events (a, b, c¢)’. As the number
of firms in productivity state s becomes large, we can approximate this multinomial distribution
with a normal distribution (see Severini 2005, p377 example 12.7). It follows that, for 1 < s < S, we
have:

; 11 * a a(l—a)  —ab —ac
f£f1 = ft—i—l ~ N (,ust < > ;,us,tE> where X = —ab b(1 —b) —bc
c

f5+ 5 —ac —bec (1 —-2c¢)

Similarly for s = 1, we have

o= () 0 (e (15 ) s 5= (8 )

feih

and for s = S, we have

= () o (s (12 sz e s (4417 o)

e

It follows that we can rewrite the vector f;7’; as
fity = m (1 ¢ C) + VBT
fid = psi <§> + lsiery, for 1<s<S
fidy = psi (1 ¢ a) + VST
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where ¢}, ~ N (0,51), €5, ~ N (0,%) for1 < s < S, and, ;7 ~ N (0,%5). Note that the ¢;7, are
then independent of the 1, ;. Let us introduce some notation that turns out to be useful:

00 0

Dol 10 0 0

000 01 o

10 0 00 :
I, =10 1 0 and I, = and Is= |

001 : 10

000 0 0 0 1

000

where the s row of I, is (0, 1, 0). With this notation, it is easy to see that
s
Mt = Z Isft.fl
s=1

51 a S
= p1h (1 A C) + Z st Ls <2> + psils (1 e a) + levus,te;’il
s=2 s=1
from which it follows that 5
pe =P+ (Let)) (Vid'es) (30)
s=1
where P is the transition matrix of the idiosyncratic productivity process in Assumption 1, e, is the

st base vector, and, /g = (\/Hit, - -+ »/Hsids - - - s \/FBSL) -

Let us call the vector 1 = E [i], the unconditional expectation of the productivity distribution ;.
From Equation 30 it is easy to show that y satisfies 4 = P’u. Using a similar approach to the proof of

Corollary 2 and the fact that Zle s = N, one can show that

=

l—¢p -5
ps =K [ﬂs,t] =N 5 (¢*)

01— (%))

To compute the unconditional variance-covariance matrix of i, let us take the variance of Equation
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30:

Var [u]) =Var

S
P + Z(Isﬁiil)(\/ﬂ_t/es)]

s=1

S
= Cov ,Ut + Z I Et+1 Vi es) P’ Mt + Z I Et+1 (\//Ttles)]
s=1
S S
= Cov [P'py; P'pi] + Cov | P’y Z([sﬁiil)(\/ﬁtles) + Cov Z(Iseiil)(\/_t es); P’ g
s=1 s=1
S S
..+ Cov Z(Isei;l N "o ,Z (I €t+1 N es)
s=1 s=1
S S
S ..S !
= P'Var [ju] P+ ZP/(COU [#tQ (Isez’ﬂ)(\/ﬁes)} + Z (P/(COU [/M (Iseth)(\/ﬁt/es)])
s=1 s=1
S S
DD Cov (L) (Vi es); Uoeify) (Vi es)|
s=1s'=1

Note that E [(Ise; ) (Vir'es)| = LE [(71)(vie)] es = LE [(e71)] E [(Vir')] es = 0since E [¢;7,] =
0, and, Eiil and p; are independent. Let us look at the second and third term of the equation above:
P'Cou [ (Lei ) (Vii'es)] = E (e = 1) ((Lseiy) (Vd'es))'|
=E [(ue — 1) (Vi es) (Lseisy)']
=B [(u — p)(Vid'es)' | E [(Ise77,)'] =0

since E [¢;7,] =0, and, ¢;7, and 4, are independent. Let us now look at the last term:

i i Cov [ (L) (Vid'es); (18’5{641 Vi es ] i ZS: E [ (Iseply) (Vi'es) ((Is’eifl)(m/es’)),}

s=1s'=1 1s’

»
Il
I
—_

I
WE
]«

E (Lt Vi eudy VaLoeiss) |

1

s’

w
Il
-

I
hE

B () IE [€7(651)'] 1

s=1
S—1
= OS] + Y pd SI+ psIsSell
s=2

where in the fourth line we use the fact that if s # &' then \/i/'esel,\/us = 0 and if s = ¢’ then
Vit esey /it = psy. The variance-covariance matrix of y, is thus characterized by the following
discrete Lyapunov equation:
5-1
Var i) = P'Var (] P+ LS I+ Y ped ST+ psIsSsls 31)
s=2
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The solution of the discrete Lyapunov Equation 31 is thus:

e ) S—1
Var (i) = (P)F <u111211{ + ) IS + Mslszslg> PF
k=0 s=2

0 0 O
0 O
note that I,X1] = (8 % 8>,I121]{ = ( 0 0) and IsYislg = (0 ES) O

B.5 Proof of Theorem 2

In this appendix, we state and prove the more general Theorem 3 which extends the results of Theo-
rem 2 to the entry and exit case. Formally, we show that the following theorem is true:

Theorem 3 Assume 1, then
(1) The dynamic of aggregate productivity is given by
Avi1 = pAr + pEi(p) + Of + oee1 (32)
o} = 0D; + 0Fy(") + OF (33)
whereEleiy1] = 0 and Var([e,1] = 1. The persistence of the aggregate state is p = cu,pﬁ + b+
ccpﬁ. The term D is given by D; := Zf:s*(ut)_l <(cps)ﬁ) sy and o = api-= + b+ cgpl o —

p2. The terms E;(y) and E;(¢?) are defined using the E;(z) = 35_ o TMGy — = #st—l ¢ for

any x. The terms Of* and Of are a correction for the upper and lower reflecting barriers in the
idiosyncratic state space definied in the proof. Furthermore, for a large number of firms the
distribution of 41 can be approximate by a standard normal distribution.

(ii) Aggregate output (in percentage deviation from its steady-state value) has the following law of
motion:

Vie1 = p¥ + KO + ¢Zt€t+1 (34)

O{! is the percentage deviation from steady-state of O}, k and ) are constants defined below and
A is the steady-state value of the aggregate productivity A;.

Proof: Aggregate productivity
Note first that

Nt+1

St+1,4
At-i—l = E pi-a

i=1

901 "Nst-i-l

IIMUJ

where p 141, the number of firms in productivity bin s at time ¢+ 1, is stochastic as shown in Theorem
1. Using the proof of this theorem for S > s > s*(u;) and under Assumption 1, we have:

s, t+1 = ft8+1 + SO RS el el T el
where f,j/t’il is the number of firms in state s’ at ¢ + 1 that were in state s at time ¢ and 92/211 is the
number of entrants in state s’ at ¢ + 1 that received a signal s at time ¢. Given Assumption 1 the 3 x 1
vector f; G = ( I +11 O PR St15) follows a multinomial distribution with number of trials s 441
s+1,s

and event probabilities (a,b,c)’. Similarly, the 3 x 1 vector g%, | = (g5t 1,900,900 °) follows a
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multinomial distribution with number of trials M/ G, and event probabilities (a, b, ¢)’. In other words,
for § > s > s*(we):

s—1,s

s t+1 . a s 9;+11 ° . a
fia =1 £ |~ Multi (,us,t, <b>) and Givr = | i | ~ Multi (MGS, <b>)
s+1,s c gs+1,s c
t4+1 t+1

Furthermore, we also have:

Lo () —1,¢+1 = ft+(ut) 1,5" (1e) L (ut) o ()

! * t’*t+1 (), s™ (e *(pe),8™ (pe)+1
Lhge (ut)t+1—ft+(” »8* (e +f+“ (1e) +g:+(1u)s(u)+gts+(1u)s(p)

7 S,5-1 | 8,5
psaer = fis AT e

Note that we have
S—1,8

S—1,8
fed=("gs ) = Multi (s, (1)) and iy = ("0 )~ Multi (MGs, (4%.))

Having shown these preliminary results, let us consider:

S 1 1 N 5-1 1 1
= s
A1 =D (p172) pg py1 = (p 1)t~ MS I "‘) tﬂs* 41+ (P17 ) ustq1 + (0 17%) g i1
+ +
s=1 s= s*+1
1 *_ 1,85 —1,sF L e s s¥st41 s¥,s¥ s¥ s¥41

— — s t t — s t t°t ‘t“t t°t
=(pl-e)%t™ (le +9t+1 >+ (pl=a)"t (le + fiia +a bt et )

1 1

= s,5—1 5,8-1 s,5-1, 8,8

DD (pTTE)T (ft+51 +ft+1+ft+l +9t+1 +9t+1+9t+1 )+(‘P1 a)s (ft+1 +ft+1 +9:{1 +9t+1)
s=s¥+1

t

(T s - st = p5tst —1sf =, 51t
=(¢ ) ftﬂ + (o Vel b+ gtJrl + (o )9:51 +

1 Ls*F1 s* s¥41
.”+(¢lfa)t<ft+' gt )+
S—1 1 L L S—1 1 S—1 1 “ “
T—a\S 5,8 5,8 T—a s 5,8 5,8 T 5,8 5,8
et 2 @ETE (T )+ X T (S et )+ Y T (T et +
5:52‘4»1 s:s;‘+l s:s;‘+l

1 1
T S,5— S,85— T—a\S S,S S,S
N Caab bl € 1+g,+1 Y+ @5 (£55 +90T)

1 1, s -1, st
Tt (T T ol Tl ) 4
1 s 1 sf,s 1
...+(<p10<)'<fsf g i1t+>+
1 S—2 1 1 16 S—1 1 1 1 S 1 1, 1,
T ST (B et Y T (B e) T T S (e Te ) T (e et +
s:s;k s:s;+1 S:S?+2

1 1
4 (pTE)S (fsﬁ +gf+51 D+ T (155 +959)

4 —1,sF s, sk s¥ sX L/ o s¥4a,sk s¥41,s¥
— — t t°t t°t — t t t t
=(pT=a)" ( ( et +g,+1 >+ft+1 +oly b Felme (f 41 +9,.4 ) +

* * * * * 1 * * * *
1 sPisf+1 | sfisP41 SPHLstH1 | s4lsi4l | o [/ 428741 | sP42sF41
TRy <V’1 « tJtrl T4 tjrlt )+ft4tr1 AT (ft‘tFl gl T )> +
e Toa s (fotlis | gstls = T25 15 (5.8 s,s = = T2o s (ps—1,5 , s—1,s
tel-a § (pToa)® (B + o)+ 3 eTa) (5 +aih) vt > (0T (K0 e ) +
s:s?+2 s:s?+2 s:s?+2

1 -1 1
T—a\S—1 T—a S5—-2,5-1 S—2,5—-1 S—1,5—1 S—1,5—-1 T—a S, S,S—1
L (pTa) <v1 o (£25 +oi Y+ AT el +oT=e (£257 7+ 9045 ))
2o s( % (,5-1,5 , 5-1,8 5,5, S,8
o (plme) pl-a (ft+1 +95i1 )+ft¥1+gtjrl
e s s TEo (st 41, 2o s T (,5-1,5, S-1,8 5,5, S,8
S s, — s S s s — — N N
=3 ela [yl (ft +ai )+ft+1+gt+1+w1 CX(f +9/41° ) +(pt=e)” | et a(fﬂ +9741 )+ft+1+gt+1
s=sj}
t

s e N & 1N\ (et s5-1,8 5-1,5
-1 s T—a 1 T—a t+1 1 —1 f -1\’
= ® ® —a\S = t4+1 —a It+1
= pl—o 11 fr+1 + 11 g;fl +(pT—) <‘P1—a) + +(¢17Q) E‘S
s=s] oToa st+ls oToa stls ! s ! Ief1

fiy1’ i1

%note that we use the notation s; instead of s* (1) to keep the notation parsimonious)
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It is easy to see that for s < 5,

_1 I sl _1 ’ _1 1 gl _1 ’ 1
oT=a 1 oT=a a oT=a 1 oT=a oT=a
E L I8 = st v (IZ) = pusy and Var L I8 = syt v b v = Ofts,t
4 +1, 1 1 s+1,s 1 1
pl—a fts+1 s pl-a pl—a ft+1 pl—a pl-a

with
a(l—a) —ab —ac
Y= —ab  b(1—-0b) —bc
—ac —bc (1 —c¢)
from which it follows that
1 / s—1,s
(pm fttlsy f
1 Teir ) = Phst + VOl 185 141
pl-a T

where e;”,t 41 1s @ mean-zero, unit variance random variable, independent across time and state s
(and independent of 1, ;). Furthermore, using the approximation of a multinomial by a multivariate
distribution we can see that ¢, ; ~~ N(0, 1) for large ;1 (see p377 example 12.7 in Severini (2005)).
Similarly,

—1 / s—1,s

T—a g
pT-a t+1 g

L g | = pPMGs +/ oMGseg
pl-a 9{11’5

where ¢/, | is amean-zero, unit variance random variable independent across time and state s. This

again can be approximated by a standard normal distribution A/ (0, 1). Using the same reasoning, we
have

-1 / fsf1,s -1 / 9571,5
(W{"‘ ) ( t;sl,s ) = psis + /OSHSEL 1 and (vﬂl*a ) ( t;sl,s ) = psMGs + \/osMGsel, 4
t4+1 ’ t4+1 ’
where 5§ 111 and €%, ., is a mean-zero, unit variance random variable independent across time and

state for s # S. This can be approximated by a standard normal distribution A/(0, 1). Finally,
/ —_ / —
— (= a — (= a(l-a) —a(l—a) =
ps = (+77) (e and o5 = (+77 ) (L0 S ) (+7)
Let us these results to compute A,

51 —1 N\ /el —1 N\ fgimls , s s L s s
— B pT-a t+1$ pT-a t+18 1 1 -1, _1 g -1,
A1 =) pi-a L e+ L 953 + (T=)5 (( pT=a s )+ etn s
= potls T s41,s 1 FEqT 1 9t+1

s=s} pl-o t+1 pl-e 941

S—1
_s _1
= Z pl-o (pus,t + \/gus,tegtﬂ +pMGs ++/ QMGsaiHl) + ()" (Psus,t + \/QS/’LS,tEé’tﬁ,l +psMGs + +/ QSMG35%7t+1>

c—g*
s=sy

5 ) s . 5 .
=p > eTapusi+p Py T aMGs+\/o > pT-= (V“Svtef,t+l + VMGSEg,tJrl) +..

—g* —g* e
s=sy s=sy s=sy

1
(TS ((ps —pus,t + (ps — p)MGs + (\/@slst — /0HS L) sé,tﬂ + (\/QSMGS - \/QMGS> 6%,t+1>

s s o1 s
- - Zt - -
=p Y T apsit+p Yy @la MGy —ppl-a Hsr—1,t ++/@ > pT-a (\/us,taf,tﬂ + \/MGsai,tH) +...

a—a¥* a— X g—g*
s=s;y—1 s=sy s=sy

1
(TS ((Ps —ps,e + (ps — p)MGs + (\/@sHst — /OHS L) agtﬂ + (\/QSMGS - \/QMGS) Efq,tﬂ)

S S sFo1
=p D> eTapsitp >, eTa MGs —pp1=a pgx 14+ (9T2)° ((ps — plus,e + (ps — p)MGs) + ...
s:szfl s:s:

s s
_s _s _1
e Z pl-o \/us,tegtﬂ + Ve Z T/ MGsed |+ (pTo ) ((\/qus,t — Vohs ) €£,t+1 + (\/QSMGS - \/QMGS> E%,tJrl)

c—g* s—g*
s=s; s=s;
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sF—1

Note that, by definition, 4; = Zf:s;_1 T s and Ey(p) = Zf:s: pTa MGy — @1=o pg: 1. We
define Of = (p77)5 ((ps — p)pss + (ps — p)MGs). Furthermore,

S s S s 1
Vary [A4y1] = of =Var | /o S pl-e ‘/W,tsgf,t +ve Y e« VMGsed )+ (pl7e ) ((\/QSIJ‘S,H»l - \/Q#S,t) Eéytﬂ + (\/@sMG‘s - \/@MGs) %,Hl)
s

s

oy

s =s¥
“ “t
S 2s S 2s 23
Ta Ta T-—a 2 2
=0 > eT-psi+e Y, ¢I- MG, +pl-= ((\/Qs —Vo)° ns,t + (Ves — Vo) MG‘s)
s

* *
s s=s
t t

t

S 2s S 2s 25
=0 > T %nsite Y 019 MGs+ 910 ((v2s — v@)* ns,e + (Ves — V&)’ MGs)
s:s; s:s;
S o s 2s 2(sy—1) 28 5 2
=0 Y. ¢l usi+te > @pI-OMG;—gp 1-© Bt o +pl-a ((@, Vo) us,t + (Ves —Ve) MGs)
s:s;‘—l s:s’tF

2(sf —1)

Note that D; = Ef:s;_1 gpli_lu&t while E; (%) = Zf:s; T MG, — @ 1= ps:« and we define Of =
pie ((\/Q - \/5)2 s+ (/05 — \/5)2 MGS). It follows that

At+1 = pAt -+ pEt((,D) + 024 + 0tEt41 where o = QDt + QEt(C,D2) + Ota

with ;41 a mean zero and unit variance random variable. When using the approximation of a multi-
nomial by a multivariate normal distribution, it is easy to show that ¢;,, follow a standard normal
distribution. The above proof applies to the no entry-exit case with little changes using the fact that

Sl ik — Iti a+b
feby = (J ) ~ Multi (e, (2))
This completes the proof of the law of motion of aggregate productivity A;. O

Proof: Aggregate Output

To prove the law of motion of aggregate output (in percentage deviation from its steady-state value),
we first solve for aggregate output, Y;, as a function of the univariate state variable A4, analytically. We
then study their first order relationship. The next step is then to take the first-order approximation
of the equation describing the dynamics of A;. Finally, we find the implied first-order dynamics of
Y;.

Let us first compute aggregate output Y; as a function of A; only:
Nt S 1 a _a a _oa
_ T s\i—= [ & 11—« _ (& I—a
V=3 ou = )™ (5) 77 = () A

11—«
Recall that w; = (aﬁ LA_J‘;[> 70T*  Substituting the expression of the wage in the latter equation

—a

yields Y, = a70-o% (ﬁ) W (4,)! 75 @7, This last equality, taken at the first order, implies
that:

%

- (1= ) A >

where X, of a variable X, is the percentage deviation from its steady-state value X: X, = (X1—X)/X.

Let us define ¢ = (1 — W)

We then take the percentage deviation from steady-state of Equation 32:

Aip1 =pAs + pEr + 024 + O¢Er+1
A=pA+pE+ 0"
Appr — A=p(A; — A) + p(Er — E) + (07 = O) + 01141
Ap1—A _A—A  EE-E 0'0f-0 o

A P ax TPt taT o T
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A

E—~ O
At+1 pAt + PAEt + TOA A5t+1

. o E ~ o OA’Z a ot
YEH_th—F(1_fy(l—a)+1)pZEt+(1_fy(1—a)+1) AO ( w(l—a)—l—l)ZEtH

where the second line is Equation 32 at the steady-state; in the third line we subtract the second
from the first line; in the fourth line we divide both sides by the steady-state value of A and in the
last line we use Equation 35. (J

B.6 Proof of Proposition 3: Aggregate Persistence

In this appendix, we prove Proposition 3 regarding the comparative statics results for aggregate per-
sistence, p. We first express p as a function of b, a measure of micro-level persistence, and of ¢, the
tail of the productivity stationary distribution.

First, note that from definition 6 = %, it follows that ¢ = ap~°. Secondly, from the fact that
b=1—-a—-c=1-a(l+ ¢ °) wehave that a = 1+ b . From Theorem 2, aggregate persistence is
—1 1
p = apia + b+ cpi-=. In this last equation, let us substitute c and a using ¢ = ap " and a = I}F;IZJ :
. 1-0b %-‘y—b-‘r ,5ﬁ 1-0b
BN L
1-b [ =1 s 1
=T [e75 T+l — 1] +1
First, it is clear that if § = 1=, then it follows that p = 1. This is exactly (i7i) of the Proposition 3.

Second, from the expression ofp, itis clear that d—g > Oifand onlyif g(9) = cpE —p 04 @E -1<
0. Note that g(:X-) = 0 and g(J) o (’Dﬁ — 1 < 0 since ¢ > 1. The derivative of g is ¢'(§) =
—00

—(—log@)p? + (—log <p)<p_6+i < 0. It follows that for § > 2, then g(6) < 0 and thus % > 0. We
have just shown (i).

Finally to show (ii), let us rewrite p = w + 1. We have shown that for ¢(¢) is decreasing in ¢,
since b < 1itis clear that (b—1)g(0) is increasingin é. Note that 1 ,5 is also increasingin ¢. It follows

that (b 1)9 @ jg increasing in 6 which then implies that p is decreasmg in ¢, which is the statement in
(i2).
O

B.7 Intermediate result: the link between the number of incumbents N and the number
of potential entrants \/

In this appendix, we are interested in the relationship between the number of incumbents N, the
number of potentials entrants A/, and the value of their ratio when N goes to infinity. We show that
as N goes to infinity, the ratio M/N goes to a constant. This means that taking the endogenous
variable N or the exogenous parameter M to infinity is strictly equivalent.
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The number of firms is simply the sum of the number of firms in each bin:

S S
N:ZM‘S = Ms*—1 + Z Hs
s=1

S
—a (MKeCl + ME.Ca(p” )% + MK.Cs + MKS(SOS*)%) + MK.Cs Y 1

S S
+MECi(0" ) ST (") P+ MK.C2 Y (9°) 7%

—a (MKECH + MK.Ca(p” )% + MK.Cs + MKe(goS*)*‘Se) + MK.C5(S —s* 4+ 1)
N _5\S _ s* _ S
s(e7°) —(¢7) (e™%)" —(¢7)
1—¢9 1— 9
thus, by dividing both side by M, we have

+ MK.Ci(¢%) + MK.Cs

Y o) M o) SO o Wl oo

N * *
= =a (KO + Ke(Ca+ 1)(¢°) 7% + KoCs) + KeCa(S — 5" +1) + KeCi(¢*) - -
1—¢ 1 — 0

M
Let us note that under assumption 2

(gf&)s = (¢) . (ZN”“)J =ZN"' — 0

N—o0

and that, since S = loé s(log Z + Llog V), we have

0 70
2 N7

1 1
—(logZ+—logN)—(1_<p768)(a_C) el

5Cs = log )

Thus, we have that

S\ —

o (B9 i=a (67 - DO + (¢~ 1)(Ca+ D))
(p=)"

B —

+ (" = 1)CF° + (% - 1)C

1—p9
where E is the ratio of the number of potential entrants /M and the number of incumbents, when
there is an infinite number of incumbents. The last equation shows that M and N are equivalent
when the number of incumbents is large. Thus, taking N to infinity is the same as taking M to
infinityi.e M ~ E*N.

N—o0

B.8 Proof of Propositions 4 and 5: Aggregate Volatility

In this appendix, we prove Proposition 5 describing how aggregate volatility decays with the number
of firms N. This proof nests the proof of Proposition 4.

To prove this proposition, we study the asymptotic behavior of 4, D and deduce the one for D/A2,
again when the number of firms N goes to infinity. We complete the proof by studying the behavior
of the remaining terms E(p?) and O? and F(¢?)/A? and O° /A%

At this stage is important to note that, under Assumption 2, when N (and thus S) goes to infinity, the
limit of the wage and the threshold are w and s* which satisfies the system of equations given by the
equation in Lemma 2 and in Proposition 1.

Step 0: Limit of the stationary distribution when the number of firms goes to infinity

The second step of the proof below will consist of finding the limit of constants K., C;,Cy and C5 as
the number of firms N goes to infinity. After finding these limits, we take the limit of Equation 25 in
the previous lemma.
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Here we first describe the asymptotic behavior of K.. Recall that the entrant distribution sums to
39
one.

—8e (Lp,(;e)s+1

S S S
I Sl O MR
s=1 s=1 s=1

Rearranging terms, it follows that

1— %

1— <p*68

K. =
ot = (p0)™"

Under Assumption 2 and since 4., > 0 we have

s —be —6e
((p—ée) _ ((ps) _ (ZNl/é) — gl NT0/5 __,

N—oo

by applying these results to the expression for K., it follows that K, e L
—00

Let us now focus on the asymptotic behavior of Cs, Cy and . From Lemma 1, we have

(i —Be\S+1 _ —8e(, S\ —be _ —8er7—be
Oy = (™) e ) _ ¢z NS g

(I—g)a—c) (A-p)a=c) (I-p %) a=0) N—»o0

We also have that
(alp™*)? +bp~ +¢)
~ (a(p0¢)? =g~ (atc) +o)
which is independent of S and thus of V.

Coy =

Finally, we have

c (a(w"‘e)S“ —a(p%)" — (%) T + c(go’éc)s*)
all= o e ap ™~ 0
. (_a(wae)s* N C(Wae)s*) . (e — )Y

Vool =g )@ Oap e —)  all—p i) (a—cap o —0)

C =

and therefore _
c (p~%)°
a(1—p%)(c—apie)

Cl — Cloo =
N—o0

We have just found the limit of K., C;, C; and C3 when N goes to infinity. We then apply these results
to the stationary distribution by taking N to infinity. According to Lemma 1, we have for s* < s < S:

s

-5
Hs r_ s)=de t
M *Kecl <S05*) +KeCQ(SO ) +KEC3

Under assumption 2, we have just shown that when the number of firms, N, goes to infinity, the
stationary distribution is given by:

c —8eys* s\ 9 a(p™%)? et sy —
=) oas w(fexc)— a7 0) (;0_—) +(" 1) (a(fr(fev . ;?f T 1 5™

Step 1: How A evolves when the number of incumbents converges to infinity

39Recall that we assume that G sums to one. We also assume that the number of potential entrants in bin s is MG, so
that the total number of potential entrants is M.
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For a given number of firms, let us look at the expression for A:

=(p" )T e 1+Z )T

s=s5%*

* «\ —0e *
—(p" HTea (MKECH + MK.Cy (ﬁ ) + MK.Cs + MK.(¢° )*“c)

s\ =9
+ Z (MK C1 <¢s*> + MK.Cz (¢°) 7% + MKng>

s=s*

Dividing both sides by M, we get

s*—1 —de s*\—0e
T :a(w ) (Kecl + K.Co ( ) + K.C3 + Ke(cp ) )

S

( (Hﬁ)s + K.C> XS: (@76{#%)3 + K.C3 Z (‘Pﬁ)s

=s* s=s5%*

+ K.Cy (

e o PN G Nl (o
+ KC2

1 —goﬂwﬁ 1_4p*5ﬁ+1}a

)Y
o (K Ch 4 K.Co ( )766 + K.Cs +Ke(gos*)"‘e>
)

+KC’1(

PR o e il

1

1—¢T-a
Recall that under assumption 2, we have

Since we assume that §(1—a) > 1and 6.(1—«a) > 1 we have both — 5 +5( 5 < 0and — 1+5(1 5 <0

1 S 1 S
and thus both (go_“ﬁ) and (go_‘i*ﬁ) converge to zero when NN goes to infinity. We also have

that N
(TS — TPz —be/0+ 5tay
Calp™) (1—p—o )(a—c)Z1 N N:;O

Putting these results together yields

AT =l ((s05€ — 1O + (9% = 1)(C2+1) (5)766)

sl \S*
5 (30 6#17&)
Yo S

1_ ¢76+ﬁ + (e 1_ Wéﬁﬁ
In other words, under assumption 2 and if 6(1 — «) > 1 and §.(1 — «) > 1 then A e A>*M or
—00
A ~ EA®N (36)
N—oo

Step 2: How D evolves when the number of incumbents converges to infinity
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For a given number of firms, the steady-state value of D:
S . 2
S (G
s=1

= ((sos*’l)ﬁ)Qus*—l + XS: ((ws)ﬁ)Qus

s s s
D * 1y 2 . o* sy 2 _ s\ 2 _ oy 2
17 =@ )T he K Ci(9" ) D ()T T+ KeCr Y (97) T KOs Y (97)TE

s*—1y 2 o\ ~%e
=a(p® )1o [ KCr + Ke(C2 + 1) (<p ) + K.Cs

—2 __$5\s
* T-a _
+ P:ecl(@‘s )5 (QO ) (2
1— 801704
766)54’1

pToa 0)S+

-6
25\ s* 2
11—« € — I—a

LK. ) (¢,5

2 * 2
T—a ) — T—a
4 K.Cs (pT=2) (<p2
1—pi-a

)S+1

Under assumption 2, we have
(80%7(5)3 _ (@S)%i(s _ (ZNl/a)%ié — 2%76Nﬁ71
(pT2a%)5 = (p5) 2@ e — (ZNV/)2a 0 = 712 e NTTEm
2 2 —@ ez 0% 22 e
Cs(e7)° = Culy*) s = T ()Nt
Under the assumption that 6(1 — «) < 2 and 6.(1 — o) < 2, these terms diverge when N goes to
infinity. Thus we are able to look at the asymptotic equivalent of D /M,

% N:ooa(ws_*il)% (Wg — 1O + () — 1)(Ca + 1) (gos_*) 766)

2 __
=

b —pl—«a s 2
+ (6 = DO (") ez NI

1— @%76
5 —pTa e 5 5 —80% —p e g0 2= sty -2
+ | (po — 1)0272621704 e+ (pe—1) 5 — (Z)T-a | NoG-a) "7
1—pTa 0 1—pTa (I=—¢7%)(a—0)

By using the intermediate result above on the link between N and M, we have

D ate™ e (100 4 e (7)) B

N—o0

2 5
. f— 1—a
+ (@g - 1)Cfo(805 )6@722%765]00]\[5(12*&)
1—pra?®
oIt Lotis gy , 2 oy
+ [ (@l - DNC———2ZT % 4 (g2 - 1) 2 — (2)T= | EXNsa—= &
I | _ = (—p ) (a0

Or equivalently, defining the appropriate constants D{°, D5° and D3° we have that, under Assump-
tion 2: . .
D~ DYN+DFNC= + DPNsa-a 5t 37)

—

Step 3: How D /A? evolves with N:
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The first term of aggregate volatility described by Equation 33 is £. Let us look at its equivalent
when N goes to infinity by combining Equations 36 and 37

Df° D3° Dg°
D E=A%) (E=A®) (E=A>)
A? Nooo N NTEES N e

2

Under the assumptions that §(1 —a) < 2and §.(1 —a) < 2, then2— ( o <1 and 1+ % ¥~ sa=a < L

In other words, the last two terms dominate the first term and thus:

D3° Dg®
D E=AX) E=A®) 38)
A2 N:oo 2— 2 o 148 2 (
N~ (- N 5 s(1—a)

]
Step 4: How E(?) and O° evolve with N

Here we prove a similar result for the remaining terms in Equation 33, i.e. E(p?)/A? and O° /A%, We

first find the expression for (“0 ) and then for %, when N — oo. The steady-state expression of
E(p?)is

%) = <M zsj G, (soz“’)lla> - ((ef‘s*’”)ﬁ usu,t>

s=s5%*

) <MK6 S () (9025)11&> ) <(¢2<5*,1>)ﬁ u)

s=s5%*

_ P S+1 _ 2 s*
(30 5e+1,a) _ (cp 6e+1,a) N
=MK. 5 5 — (( 0‘) Hs*fl,t>
(907 ﬁm) _1
Under Assumption 2, we still have
(pT2a—%)5 = (p5) 2@ e — (ZNV/¥)T2a b = gis—be Nsaa)
Thus, it follows

*

(7wt posern ) - (oieete)’
K
e (Lp766+%) -1

_ ((Qpﬁ)wil) (KeC’1 + Ko (Co+ 1)g° + KeC:3)>

E(p?)
M

-2 [ s*
s s (Z%*%@*‘sﬁ%) _NiTa T E (¢*5e+%)
=K, N3a-a) & .
(g0755+m) _1

— <<¢%)(5*71) (KeC’1 + Ke(C2 + 1)805* + KeC:3)>

Under the assumption that §.(1 — ) < 2, we have

=25 Set+125
2 se (Zlfa ‘o ¢ I*Q) 7-1) —
E(¢) NKeN‘W—i"‘) F _ _ (‘P_IEQ) (‘Pée _ 1) (Cloo + (Ca+1)¢° )
M ( *5e+m) -1

P

Recall that M ~ E*N. Then, for some constant £5° and ES°, we have E(p?) ~ E°°N Tt aare +
E$°N. Using the fact that A2 i E* A* N and the above equation, we get for some other constant
— 00
Er° and &5°:
2 o oo o
E(e”) 581 . &7 681 _ (39)
NFFsace N N sae
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where the last equivalence comes from the fact that (1 — «) > 2 and 6.(1 — «) > 2 and thus 1 >

de 2

The steady-state expression for O is:

9~ _Kelo— ) (™)) — (0 - &)™) s

= —Ke(o— )@ (0T 5)")° = (0= )T 5)* (K.Ci(¢™)*(¢7) 7 + KeCa(¢%) ™" + KoCh)
= —Kelo= ) ") — (0= ) (KeCi(p™) (07 T TR)T 4 KeCal " T TR)% 4+ K977
Recall that under Assumption 2,
(pT75 %) = (p%) 7 0 = (ZNVO) a0 = gt N s
(P %)% = (pF) T = (N TR = TN
2 e g0

2 ___Jde
C3(g0%)s = 03(4,03)@ = m(z)%]\[mﬂ) 5

Using the above relations, we then have, for some constants O7° and O5°,
- cord—8e 2 _ 00 A7 T—
@) "-’01 N 5 S(1—) _|_02 Nd(1-a)
from which it follows that for, some other constants, O7° and O3°

o or ,_ or
2 5 —_ 2 _
A N1+T*5(127a) N2 50—

(40)

Putting Equations 38, 39 and 40 together yields the results in Equation 13. [J

B.9 Proof of Proposition 6

To solve for the general case with aggregate uncertainty, we deploy a different strategy relative to that
used in the stationary case. Whereas we used a constructive proof for the stationary case, we follow
a guess and verify strategy for the case featuring aggregate fluctuations. We first show some useful
preliminary results to compute conditional expectations. We then show that the value function has
to be bounded above by the value of a firm when c; = 0. Finally, we form our guess and solve for the
value function.

B.9.1 Preliminary Results

Lemma 3 Under Assumption 3, for any £

(1—a)¢

E, {wfﬂ] R wtgp”“"”“l(f)

where
)€

00 A ST
I({):/_ <1+¥+%+%5>( " (e)de

where ¢(¢) is the probability distribution function of a standard normal random variable and X is the
stationary equilibrium value of X,.
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(A—a)¢
Proof: First note that, in equilibrium, w} = (a i—a ﬁ) "07*  Let us now compute the conditional

expectation

By [wtf—i—l} :/ wfﬂr(dﬂtﬂfﬂt) :/
Hi41

Ht41

(A—a)g
1 At+1 y(1—a)+1
l1—a F d
(04 Vi (dppey1|pe)

(1—a)¢

(1—o)g
1 At F(1—a)+1 At+1 y(1—a)+1
= (a2 r(d
<a M) /Ht+1 < At ( Iut+1‘lut)

(d—-a)¢ (1—-a)¢

1 A\ G A, + pE. + 02+ oe Fa—a)tl
- <O‘1“ _t> / <p L=r t((p)A : : t+1> D(dpe|pe)
Mt t

(—a)€
(1—a)¢ o0 E ( ) OA o ) T(I—a)t1
_ = 13 t\p 1 t
= pri-—e)+iy 1+ +— 4+ —= €)de
P ! /—oo < At PAt PAt ¢( )

where we use Theorem 3 in the third line. Under Assumption 3, the integral in the last equation is
equal to I(£) which completes the proof of the lemma. O

B.9.2 Bounded Above by the case c; = 0

Lemma4 For S — oo, the value function of a firm at productivity level ©° with aggregate state ji;
satisfies the following inequality

V(,Ut, QOS) S VCf:O(,utJ QOS)

where Ver=9(py, ¢*) is the value of a firm at productivity level p* with aggregate state 11; that faces an
operating cost cy equal to zero. This is equal to

e s 1—a)aia PR i
Ve, o) = L0 5 gy
1— pﬂa
~ e N (1-a)e
where 3o = 51 (%) proand 1(§) = [7 (1 + 2 of 4 %s) T g(e)de. The inequality
becomes an equality when c; = 0.

Proof:
We prove this proposition in two steps. We first show the inequality stated in the Lemma and then
solve for V=9 (yy, ).

Bounding v (u:, %) < ver=0(u,¢°): First note that the instantaneous profit is bounded above by the
profit of a firm facing zero fixed operating costs c;:

1 a\ 1= _ 1 a\ 1oa
* SY — S\1=a (1 _ _ < cy=0 S) — S\1—a (= |17 _
(") = ()7 (2) 7T (M= a) —ep 7 upt) = () ()T (1)
Afirm j’s problem can be rewritten as a stopping time problem:

L
Sj,t — 1—t __* ) Sjyt+1',
V (i, ™) = max {EtZ/B T (Hite, )}

i=t
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where the j firm choose the optimal time of exit, L, to maximize its discounted sum of instantaneous
profit. The same firm facing an operating cost c¢; = 0 every period will have a value

L
yer=0 S5t} E i—t_cy=0¢, Sj,t4i
(e, ™) = max { ) BT i, 07

i=t
It is optimal for this firm to choose L = oco. Since V(s, i), 7 (11, 0*) < 7¢=9(p, ) we have

V (1, 9%5) < V=0, %)
This completes the first part of the proof.

Solving for ver=°(,,, »°): Note that V¢ =C(;;, »*) must satisfy the following Bellman equation:
VI (e, %) = w0, 0%) + BBy [V =0 (g, %4)] (41)

We are following a guess and verify strategy. Our guess is

—a

Ve, %) = K1 + Kyw/ ™ (¢7) ==

and we are solving for K; and K. Let us compute the right hand side of the Bellman equation above.
It is easy to show using the definition of p

1

V= pag, ) + VI (1, %) + VI iy, ) = K+ Kapu] * (9°) 70

and the continuation value is
/ (aVCfZO(M/’ (,08_1) 4 bvcfZO(lu/’ (‘03) + CVCf:(](M/7 (ps+1)) F(d,ul‘,ut)
w/

=K +K2p(sos)1a/ w' = T (dp | 1)

w’

1 == — —a
— i+ Kap () 1 (22 )y

where we use Lemma 3 in the last line of derivations. The Bellman Equation 41 writes

=,

e 1 o\ 4 = -« —o
Ko+ Ko™ ()75 = ()75 (2)77 (1= )+ 051 + 8ap ()75 o1 (5 )y
] _
Matching coefficients yields
Ky =pKy
Ky — (1—a)aT=

1—ppI <%> pv(1:$)+1

Since § < 1 it follows that K; = 0 and the value of a firm facing zero operating cost at productivity
level ¢® and aggregate state 1 is equal to

(1-ao)a

V=g, %) = =
1— p/@[ (%) pra-o+
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Proof of the proposition

The value of an incumbent firm, V' (¢, ¢*®), satisfies the following Bellman equation:
V (e, %) = m* (e, %) + 5maX{ / @V, " ) + bV (1, 0%) + eV (i, 7)) F(du’lut)}
w

the policy function of such a problem satisfies a threshold rule, with threshold s*(x) such that

sy T (@) + B L, (aV(, o) WV (W, %) + eV, T D(dp ) fors > s ()
V(Mh@ ) - { B 77*(,“47:,@8) fOrS < s ( ) 1 (42)

We adopt a guess and verify strategy to prove this proposition. In this case, we are forming a guess for
both s*(u;) and V' (u, ¢*). To form our guess we are going to draw our inspiration from the stationary
case. In that case, we first solved for the homogeneous equation, and we were using the roots of this
equation. The equivalent of this homogeneous equation in the current setting is:

X

—a(l—a) log X lo
11 1o g X
ﬁpv(l )+llg<pI< aloggo)

a+bX +cX? =

Let 1 and r; be the two solutions of this equation, such that r; > gpﬁ > 719. Let us define the

~ —a(l—a) logr; . ~ .
constants 3; = Sp G-a+1Tegw [ ( alog“) fori = 1, 2. Itis clear that r; satisfies

log ¢
7’7 7’;’S+1
ari® + b 4 et =0 (a+ b+ o) = S =

Bi Bi

Guess for s*(u;):  We are guessing that the entry/exit thesholds take the same form as in the sta-
tionary case:

log x log wy
1
() = (1= @) 2t + a2

where x is a constant to be solved for. Given this, it is easy to show that for any X > 0

log x log wy log x log wy —qlee X

X_S*(wt) :X_(l_a)logep X og e =X (- a)l"g"’X_ log ¢ :X_(l_a)logqut e

Guess for V (i, p®):  To form a guess of the value function, we draw inspiration from the stationary
case and thus our guess is, for s > s*(wy)

o 1 S * *
Vo, %) = Ko+ o= (975 ) K™ 00 4 Ky

where the constants K1, K5, K3 and K4 have to be solves for. Using this guess for s*(w;) gives

log7y —qloBT2 log T g loET

1 S
V(/Jty ) Kl + KQ'UJI a (@E) + st—(l—a) Tog » wt o Ing/J S+1 + K4X_(1—a) Tog wt log ¢ 7?18"1‘1

log 72

Let us introduce the following simplifying notation. Let us define K3 = Kay "9%7 and K, =
log 71 . . . 1
Ky~ %% and V(we, s) = V(ue, p®). With this notation, our guess can be written, for s > s*(w;)

log 73 log 7]

1 S —_— = o
V(wy,s) = Kl—l—sz1 “ <¢E> —i—ngtal“Wf;SH_FKzlwt e s+
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Bellman equation: We are computing the right hand side of the Bellman Equation 42 starting with
the continuation value of an incumbent firm. Note that

aV(wg, s — 1) + bV (wy, ) + ¢V (wg, s + 1) =
Kl(a + b+ C)
+ Kow, ™ (cpﬁ> (cupl:_a +b+ ccpﬁ)

log 73

+ Kyw, 5% (ara® + bip®th 4 cip®?)
— _logm
+ Kyw, 57 (arr® + bt 4 52
—a 1 \8 —~— _—qlem q —~  _qlem
:Kl _|_K2pwt —« ((pﬁ) +K3wt log ¢ 577’528-1-1 +K4wt log ¢ 577718-1-1
2 1

using the definition of p and r;. Let us now compute the continuation value of an incumbent
/, [aV(w',s — 1)+ bV (w',s)+cV(w', s+ 1)] T(dp'|pe)
=K, + Kap (npl la) / w' & D(dy | pur) —|—K36—7’25+1 /, w' ™ TF T(dp|pe) + K4ET st /w/ w'iQ%F(du'mt)

= K+ Kop (077 ) 1 ( > w " pTaT

< —a(l—a) logrp

_ o logTs
alogm YTos% (o) F1 Tos o +K —7“ Fstlp long
Wy P 4 1 1
51 og y
B log 75 _ logry

= K1 + K2p (@E)éj (_Oé> wt p‘v(l oz)+1 _|_K3 +1w;a Tog ¢ _|_K4 +1wt Tog ¢
1—-« ﬂ ﬂ

_alegTl _a(1-a) logr
+K3~ LRSS “Toge [\ TI—a)FI Tog e
t P
log ¢

L. ~ —a(l—a) logr; .
where we use Lemma 3 and the definition of 3; = Bp 0+ Tesw [ ( O‘lfén ) We can now write the

Bellman equation for s > s*(w,):
o log ™ log 7]

—_x s — 0572 —
V(wt,s) — Kl +K2wt1—o< (tpﬁ) —|—K3wt Y Tog @ ~s+1 +K4wt Tog ¢ ~15+1 —

o

™ (2) -0 -g

we

R _ o log ™ _logry
1 BK1 + Kafp (Qoﬁ) [(%) wl pI—aFT ST 4 K oy T 4 Ryt S ToEP

which yields (after simplification and matching coefficients)

K, =%
Ky :—Cf—l-ﬂKl 1 13 o
Ky, = Kgﬂp[( )pw(l o1 4 (1 — a)at= = Ky — (1-a)aT-
1-BpI (== )p'v(l a1

We are then left to solve for K3 and K, with the following guess

—C 11—« Oéﬁ —_a 1 \S$ — 103T2~ 1ogr“1“~
V(’wt,s) = f + ( ) tlfoz <(1017Q> +K3wt o~’log<P 8+1 + K4w log ¢ 7418-‘,-1
1-5 — Bpl ( ) pm
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Solving for K;: To solve for K, we are using Lemma 4.

—c 1—a)ai« —o  _esm
V(S*(lut)7wt) = f + ( ) <(‘01 a) + ngt IOgcp S+1 +K4’LU
1-6 — Bpl ( ) pm
< (1 - a)Oéﬁ — 1

w; " (p°) 1=
1— p/@[ ( )pw(l a)+1

ool

[ e 7:v13+1

where the first equality comes from the fact that V (s, w;) is increasing in s for a given w; and the

second inequality from Lemma 4. Let us divide both sides of this inequality by (

V(s*(ut), we) < =% 1 (1- a)aL _—

< +
(p2) ™= L=F (g == 1— 8ol (£2) pro=erst

(l—a)al o —

wlf&
]_—pBI( )p’Y(l 04)+1

gol—cx

~ 1 . . .
Since ry < pi-« <7 and -+ > 1, for s — oo this inequality becomes

1 — ﬁ o — _ log 1 5
0<0+ (1~a)a —w, " + 0+ lim Kjyw, S (
1—6pl <1 0(; pra—ert 5§00
1—a)aie —a
( a)a wtlfa

C1- pﬁ[( )pm a)F1

which implies that lim,_, Iawt_ Floze

thus left to solve for K3 with the guess

_ 1— e

log 7

ie L \*® 7o o T ~s+1
— wlfa (301*"‘) —|—K3w og ¢ ’I"25+
1- 5 11— pﬂa ' '

where 3, = 81 < ) pm

74

log 73 =~ s
o w5 () 4 R
Wy 3Wy T2 T 4wy

. s
1
1
pT-o

log 1 _ S 1
o8P < T’ﬁ) = 0 and, thus, that K, = 0 since ¢1-= < r1. We are
Splfoc



Solving for K5: To solve for K3 we are using the Bellman Equation 42 at s*(w;):

aV(we, s — 1) + bV (wy, s7) + cV (we, s; +1) =

=a <(¢5I1)11"‘ <u%> e (1-a)-— Cf>

o5 —o s¥ — _lesm *
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—~ . (1) leg™  —« ok e % g 1\
Note that Kaw, = 57 15%* = Kax "% w, * ™57 5% = Ky *5% = K and that (901*Q> =

log T

1 1

p— logkp1 o
_ Nlogel-a o
(1—a) e

w, "*¢ = yw,; *.With these in hand it follows
aV(wg, sy — 1) + bV (wy, s7) + ¢V (wy, sy + 1) =

—Cf (1-— 04)aﬁ 1~ o
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1- B 1- pﬁa 2
Note that the above expression is independent of w;. The Bellman Equation 42 at s = sj is
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which after simplification yields

_ 1— = ~
° ( a)oi X + K3rz
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where Ba = g1 (%) pmii‘m . It follows that the value of an incumbent for s > s} is
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or equivalently
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which, after rearranging terms, yields
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Solving for x: x is such that the continuation value at s = s*(w;) is equal to zero. The continuation
value is

1-p 1

aV(we,si — 1) +b+cV(we, st +1) = —<s (1 - = ( aﬂl ) (a+brz +CT~22)>
rolz—=)+a
B

@ ~ —1 ~
—a s* (we) — —a — — —a
+w! " (wﬁ) v a n _a)og (p+ pﬁ“jpf plﬂwl Bo (a1 b, +cf§2)>
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1—fﬂ<1 @(%——)—l—aﬁZ)—l—X 1— pBa <p+ B(ﬁ(%—é)—l—a) 52)

The last expression is independent of w;. Thus, to solve for x we just need to equate the above to

zero and this yields
1 a1
( 2 (4-2)+a m)

X =
(1_a)a~ﬁ (p—i— —pBatpB— pﬁw e B 7 ~2>

(R(5-7)+e) 2

,_.
S
@

which completes the proof. [J

C Data Appendix

In this appendix, we describe the different data sources used in the paper. The first data source is
the Business Dynamics Statistics (BDS), giving firm counts by size and age on the universe of firms
in the US economy. Compustat data contains information on publicly traded firms. Finally, we use
publicly available aggregate time series.

C.1 BDS data

According to the US Census Bureau, the Business Dynamics Statistics (BDS) provides annual mea-
sures of firms’ dynamics covering the entire economy. It is aggregated into bins by firm characteris-
tics such as size and size by age. The BDS is created from the Longitudinal Business Database (LBD),
a US firm-level census. The BDS database gives us the number of firms by employment size cat-
egories (1-5, 5-10, 10-20,20-50,50-100,100-250,500-1000,1000-2500,2500-5000,5000-10000) for the
period ranging from 1977 to 2012. Note that the number of firms in each bin is the number of
firms on March 12 of each year. We also source from the BDS the number of firms of age zero by
employment size. We call the latter entrants.

We compute the empirical counterpart of the steady-state stationary distribution in our model based
on this data, by taking the average of each bin over years. We do this for the entrant and incumbent
distributions. We then estimate the tail of these distribution following Virkar and Clauset (2014). We
find that the tail estimate for the (average) incumbent size distribution is 1.0977 with a standard-
deviation of 0.0016. For entrants, this estimate is 1.5708 with standard deviation of 0.0166. To
compute the entry rate, we divide the average number of entrants over the period 1977-2012 by
the average number of incumbents. Over this period there are 48,8140 entrant firms and 4,477,300
incumbent firms; the entry rate is then 10.9%.

To perform the exercise described in Section 5.4, we need to compute the model counterpart of the
time ¢ firm size distribution. According to Theorem 1, these are deviations of the firm size distri-
bution around the (deterministic) stationary firm size distribution. However, in the BDS data, the
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trend of each bin is different. We thus HP-filter each bin of the BDS data with a smoothing pa-

rameter A = 6.25. Each bins is thus decomposed p2PS = pPPo=trend o BP5=dev where 2PS is
the original bin value, uftD S—trend g jts HP-trend and uftD §=dev js the HP-deviation from trend. The

empirical counterpart of time ¢ firm size distribution in our model is thus pZ?%~everase 4 | BDS—dev

where uSB DS—average i5 the average of bins s over the period 1977-2012. We then use Equations 1, 3

and 12 to compute the time series for aggregate TFP, Y; and %;2 which we plot in Figure 6 along with
data aggregate time series describe below.

C.2 Compustat

The Compustat database is compiled from mandatory public disclosure documents by publicly
listed firm in the US. It is a firm-level yearly (unbalanced) panel with balance sheet information.
Apart from firm-level identifiers, year and sector (4 digit SIC) information, we use two variables from
Compustat: employment and sales. We use data from the year 1958 to 2009. Sales is a nominal vari-
able. We deflate it using the price deflator given by the NBER-CES Manufacturing Industry Database
for shipments (PISHIP) in the corresponding SIC industry.

Using this dataset, we estimate tail indexes following Gabaix and Ibragimov (2011), performing a log
rank-log size regression on the cross-section of firms each year. Our measure of size is given by the
number of employees. We compute tail estimates for firms above 1k, 5k, 10k, 15k and 20k employees.
We then HP-filter the resulting time-series of tail estimates (with a smoothing parameter of 6.25).

For each year, we also compute the cross-sectional variance of real sales and then HP-filter the time
series using a smoothing parameter of 6.25.

C.3 Aggregate Data

The aggregate data comes from two sources. We take quarterly time series of aggregate TFP and
Output from Fernald (2014). For the exercise in Section 5.4, since the BDS data are computed on
March 12 of each year, we compute the average over 4 quarters up to, and including, March. For
example, for the year 1985 we compute the average of 1984Q2, 1984Q3, 1984Q4 and 1985Q1. We do
this for TFP and Output before HP-filtering the resulting time series with a smoothing parameter of
6.25. The other source for annual time series on aggregate output is taken from the St-Louis FED.
We use this series for the correlations reported in Table 4, either after HP-filtering with smoothing
parameter 6.25 or by computing its growth rate.

For the results in Table 5, we estimate a GARCH(1,1) on the de-meaned growth rate of both aggregate
TFP and output, both at a quarterly frequency. The source for this data is Fernald (2014). We take the
square of 4 quarter-average of the conditional standard deviation vector resulting from the estimated
GARCH. We then HP-filter these series with a smoothing parameter of 6.25.
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C.4 Robustness Check

Sample Firms with more than 1k 5k 10k 15k 20k
Model Correlation in level —-0.50 —-0.71 —-0.64 —0.57 —0.48
(0.000)  (0.000)  (0.000)  (0.000)  (0.000)
Correlation in growth rate -0.11 —-0.35 —-0.41 —-0.42 —-0.44

(0.000)  (0.000)  (0.000)  (0.000)  (0.000)
Data Correlation in (HP filtered) level —0.36 —0.17 —-0.34 —0.51 —0.46
(0.005)  (0.20)  (0.008)  (0.000)  (0.000)

Correlation in growth rate -0.29 -0.21 -0.33 -043 -0.38
(0.030)  (0.114)  (0.011)  (0.001)  (0.004)

Table 6: Correlation of tail estimate with aggregate output.

NoTE: The tail in the model is estimated for simulated data based on our baseline calibration (cf. Table 2) for an economy
simulated during 20,000 periods. The tail in the data is estimated on Compustat data over the period 1958-2008. The
aggregate output data is from the St-Louis Fed.

M 2 3)
IQR of Real Sales ~ STD of Pdy (Durables) IQR of real sales

(Compustat) (Kehrig 2015) (Bloom et al. 2014)
Aggregate Volatility in TFP growth 0.2532 0.3636 0.3583
(0.0825) (0.0269) (0.030)
Aggregate Volatility in GDP growth 0.1911 0.2923 0.3504
(0.1932) (0.079) (0.034)

Table 7: Correlation of Dispersion and Aggregate Volatility

NoOTE: In this table, we display the correlation of various measures of micro-level dispersion with two measures of aggre-
gate volatility. Aggregate volatility is measured by the fitted values of an estimated GARCH on growth rates of TFP and
output. Both are sourced from Fernald (2014) (see description above). In column (1) the Inter Quartile Range (IQR) of real
sales is computed using Compustat data from 1960 to 2008 for manufacturing firms. Nominal values are deflated using the
NBER-CES Manufacturing Industry Database 4-digits price index. In column (2) we take the establishment-level median
standard deviation of productivity (levels) from Kherig (2015) who, in turn, computes it from Census data. In column (3)
we take the establishment-level IQR of sales growth from Bloom at al. (2014).

D Numerical Appendix

In this numerical appendix, we first describe the numerical solution algorithm and its implemen-
tation and assess the accuracy of the solution. We then present a set of results obtained under an
alternative calibration strategy.

D.1 Solution Method and Accuracy

In this appendix, we describe the numerical algorithm used to solve the model described in the pa-
per. Recall that given the Equation 2, A, is a sufficient statistic to describe the wage. Using Equation
15, itis clear that the law of motion of A, is a function of past values of A;, E;(y), and o;. As described

in the main text, we are assuming that firms do not take into account the time-varying volatility of
A
A; and form their expectations by assuming that %ﬁ”), 92 and 9 are constant and equal to their

t

steady-state value. It follows that, from the perspective of the firms, A; only depends on its past
value.*?

“*We also explored the alternative assumption that firms form their expectations by assuming that E;(y), O;* and o; are
constant and equal to their steady-state value. With this alternative assumption, the policy function is barely affected and
all the results in the paper are quantitatively very similar.
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Figure 7: Policy Function and stochastic Domain of A;
NoOTE: The blue (dash-dot) line is the policy function s*(A); For a 20 000 period simulation of the model, the vertical black
(solid) lines are the minimum and maximum of log(A.) over this sample; the black (dashed) line is the mean of log(A:)
over this sample; each of the vertical red (transparent) lines represent log(A:) for a given time ¢.

It follows that the value of being a incumbent only depends on A. To solve the model we simply have
to solve for the following Bellman equation:

V(A,¢°) =7 (A, ¢") + max O,B/A > V(A o) F(¢ [¢*) T (dA'|A)
o' €P

where T(.|A) is the conditional distribution of next period’s state A’, given the current period state

A. This distribution is given by Equation 15 with %ﬁ") = %, % = OTf‘ and 4+ = . We also

assume that the shock ¢, in this last equation follows a standard normal distribution, which is a
valid approximation as shown in the Theorem 3 in Appendix B.5.

To solve for the above Bellman equation we are using a standard value function iteration algorithm
implemented in Matlab with the Compecon toolbox developed by Miranda and Fackler (2004). To
do so, we define a grid for A (in logs) along with productivity grid of the idiosyncratic state space
¢ described in the paper. We then form a guess on the value function as a function of log(A4) and
log(¢®), and plug it to the right hand side of the above Bellman equation. This is repeated until
convergence. This algorithm converges to the solution of the above Bellman equation and allows
us to compute the policy function s*(A). Figure 7 displays this policy function computed from the
value function iteration procedure described above. In this figure, we also plot the ergodic domain
of log(A;) for a 20 000 period simulation of our model (using the results in Theorem 1). We observe
that the value of log(4;) is concentrated on the part of the state space where the policy function s* is
constant. Note this is a numerical result rather than an assumption.

Given that firms solve their problem under the perceived law of motion given by Assumption 3, it is
important to see if there is an important deviation of this perceived law of motion from the actual law
of motion described in Theorem 3. To see this, we plot the two implied aggregate TFP time series for
a simulation path of our model in Figure 8. We observe that the actual (blue solid) and the perceived

80



0.3 T T T T T T T T T

0.2 ‘ 4

<

—
T
-

o

.
o
=

Aggregate TFP (pp deviation)
&
[\]

-0.3

-0.4 1 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200

Figure 8: A simulated path for aggregate TFP under the actual and perceived law of motions.
NoTE: The red (dashed) line is the actual times series of aggregate TFP (by Theorem 3); The blue (solid) line is the time
series of aggregate TFP implied by Assumption 3. The correlation between these two series is 0.9963.

(red dashed) series follow each other closely. Furthermore, on a 20 000 periods simulated path, the
correlation between these two series is 0.9963.

D.2 Alternative Calibration

In this section, we explore an alternative calibration strategy. Instead of fixing the value of «, the span
of control parameter, and then matching the idiosyncratic volatility of productivity o., we are now
matching the volatility of idiosyncratic sales while fixing the volatility of idiosyncratic productivity in
the steady-state. To do so, we calibrate the value of « rather than fix it. For the idiosyncratic volatility
of sales, we choose a 35% target following Gabaix (2011) and Comin and Mulani (2006). The targets
of this alternative calibration are summarized in Table 8, while the implied parameters can be found
in Table 9. Note that the calibrated « is now equal to 0.77. Figure 9 plots the firm size distribution
and the entrant distribution in the steady-state of the model against their counterpart in the data.

The results are qualitatively unchanged. If anything, the implied aggregate volatility is stronger as
the reallocation mechanism is weaker. We reproduce here the business cycle statistics (Table 10)
described in Section 5.2.2, the impulse response to a one standard deviation negative shock on the
largest firm (Figure 10) described in Section 5.2.3, and the variation of the counter cumulative dis-
tribution function for a simulated path (Figure 11) described in Section 5.3.

Statistic =~ Model Data References

Entry Rate 0.850 0.109 BDS firm data

Sales Vol. 0.35 0.2-0.4 See main text

Tail index of Firm size dist. 1.097 1.097 BDS firm data

Tail index of Entrant Firm size dist. 1.570 1.570 BDS firm data
Share of Employment of the largest firm  0.17% 1% Share of Wall-Mart
Number of Firms 4.5 x 106 4.5 x 106 BDS firm data

Table 8: Targets for the calibration of parameters (alternative calibration)
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Parameters Value Description

a 0.5980 Pr. of moving down

c 0.4020 Pr. of moving up

S 41 Number of productivity levels
® 1.0868 Step in pdty bins

P {¢°}s=1.8 Productivity grid

v 2 Labor Elasticity

o 0.77 Production function

cy 1.0 Operating cost

Ce 0 Entry cost

15} 0.95 Discount rate

M 3.6435 % 107 Number of potential entrants
G {MK.(p°)%}s=1.5 Entrant’s distr. of the signal
K. 0.7652 Scale parameter of the distr. G

de(1 — @) 1.570 Tail parameter of the distr. G

Table 9: Alternative calibration

Entrant Distribution against Data

Incumbent Distribution against Data
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Figure 9: Counter Cumulative Distribution Functions (CCDF) of the firms size distribution of incum-
bents (left) and entrants (right) in the model (blue solid line) against data (circles).

NoTE: Black filled circle report the CCDF of firm size distribution for less than 10000 employees in the BDS. The red circle
are tabulation from Compustat for firms with more than 10000 employees assuming that for this range the distribution of

firms in Compustat is similar to the one of firms in the whole economy.
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Model Data

o(z) 28 pla.y) | o) 25 pla.y)
Output 054 1.0 1.0 1.83 1.00 1.00
Hours 0.36 0.66 1.0 1.78 0.98 0.90
Aggregate TFP  0.26 048 1.0 | 1.04 0.57 0.66

Table 10: Business Cycle Statistics

NoTE: The model statistics are computed for the alternative calibration (cf. Table 9) for an economy simulated for 20,000
periods. The data statistics are computed from annual data in deviations from an HP trend. The source of the data is
Fernald (2014). For further details refer to Appendix C.
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Figure 10: Impulse response to a one standard deviation negative productivity shock on the largest
firm.
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Figure 11: Variation of the Counter Cumulative Distribution Function (CCDF) in simulated data (left)

and in the BDS data (right).
NoTE: The simulated data are the results of a 25000 periods sample (where the first 5000 are dropped). For the BDS data,
we compute the CCDF for each year on the sample 1977-2008. The dashed black line is the mean of each sample.
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